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OSCILLATOR VERSUS PREFUNDAMENTAL REPRESENTATIONS
HERMANN BOOS, FRANK GO¨HMANN, ANDREAS KLU¨MPER,
KHAZRET S. NIROV, AND ALEXANDER V. RAZUMOV
ABSTRACT. For the case of quantum loop algebras Uq(L(sll+1)) with l = 1, 2 we find
the ℓ-weights and the corresponding ℓ-weight vectors for the representations obtained
via Jimbo’s homomorphism, known also as evaluation representations. Then we find
the ℓ-weights and the ℓ-weight vectors for the q-oscillator representations of Borel sub-
algebras of the same quantum loop algebras. This allows, in particular, to relate q-
oscillator and prefundamental representations.
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1. INTRODUCTION
One of the modern methods to investigate quantum integrable system is based on
the notion of a quantum group. To be more exact, one should say that here a spe-
cial class of quantum groups, called quantum loop algebras, is used, see section 2 for
the definition. For the first time the method was consistently used to construct in-
tegrability objects, such as monodromy operators and L-operators, and for the proof
of functional relations by Bazhanov, Lukyanov and Zamolodchikov [1–3]. They in-
vestigated the quantum version of KdV theory. Later the method proved to be effi-
cient for studying various quantum integrable models. With its help one constructs
R-operators [4–10], monodromy operators and L-operators [9–14], and proves func-
tional relations [11, 14–18].
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The central object of the approach is the universal R-matrix being an element of the
tensor product of two copies of the quantum loop algebra. The integrability objects are
constructed by the choice of representations for the factors of that tensor product. In
fact, the universal R-matrix is an element of the tensor product of two different Borel
subalgebras of the quantum group. Certainly, representations of the Borel subalgebras
can be constructed by restricting representations of the full algebra. Such representa-
tions are used to define various monodromy operators. However, one needsmore rep-
resentations. For example, to construct L-operators one uses the so called q-oscillator
representations which can be obtained from the representations used to construct the
monodromy operators via some limiting procedure [12, 14, 15, 17, 18].
Recently, Hernandez and Jimbo constructed some representations of the Borel sub-
algebras of quantum loop algebras as a limit of the Kirillov-Reshetikhin modules [19].
It is common now to call these representations prefundamental [20].
For the study of representations of quantum loop algebras and their Borel subal-
gebras the notion of ℓ-weights and ℓ-weight vectors appear very useful [19–21]. In
the present paper we find the ℓ-weights and the corresponding ℓ-weight vectors for
representations of quantum loop algebras Uq(L(sll+1)) with l = 1, 2 obtained via
Jimbo’s homomorphism, known also as evaluation representations. Then we find the
ℓ-weights and the ℓ-weight vectors for the q-oscillator representations of Borel sub-
algebras of the same quantum loop algebras. This allows, in particular, to relate the
q-oscillator and prefundamental representations. In addition, we demonstrate how
the knowledge of the ℓ-weights allows one to relate the q-oscillator representations
with the evaluation representations. This is important for the investigation of the cor-
responding quantum integrable systems.
The definition of a quantum loop algebra via Drinfeld-Jimbo generators is symmet-
ric with respect to the change of the deformation parameter q to q−1. This is not so for
the definition of the coproduct and antipode. The second Drinfeld’s realization used
to define ℓ-weights and ℓ-weight vectors is not symmetric with respect to this change
as well. In the present paper we follow the definitions usually used in the papers on
representations of quantum loop algebras. In fact we used the opposite conventions in
our previous papers on applications of quantum groups to investigation of quantum
integrable systems. Therefore, when we need formulas from our previous papers we
first change q to q−1 and then use them.
2. QUANTUM LOOP ALGEBRAS
2.1. Drinfeld–Jimbo definition. Let A = (aij)
l
i, j=1 be the generalized Cartan matrix
of finite type and Â = (aij)
l
i, j=0 the corresponding generalized Cartan matrix of un-
twisted affine type. We denote by g and ĝ the corresponding Kac–Moody algebras and
use the natural identification of gwith a subalgebra of ĝ.
We denote by L(g) the loop algebra of g, and by g˜ its standard central extension by a
one-dimensional centre C c. It can be shown that the Lie algebra ĝ is isomorphic to the
Lie algebra obtained from g˜ by adding a natural derivation d. We will identify these
Lie algebras [22].
We define I = {1, . . . , l} and Î = {0, 1, . . . , l}, so that A = (aij)i, j∈I and Â =
(aij)i, j∈ Î. Denote by D the unique diagonal matrix diag(d0, d1, . . . , dl) such that the
matrix B = (bij)i,j∈ Î = DA is symmetric and di, i ∈ Î, are relatively prime positive
integers.
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Let hi, i ∈ I, be the Cartan generators of g, and hi, i ∈ Î, d the Cartan generators of
ĝ. Hence, the Cartan subalgebras of g and ĝ are
h =
⊕
i∈I
C hi, ĥ =
(⊕
i∈ Î
C hi
)
⊕C d.
In fact, we have
ĥ = h⊕C c⊕C d.
We identify the space h∗ with the subspace of ĥ∗ defined as
h∗ = {γ ∈ ĥ∗ | 〈γ, c〉 = 0, 〈γ, d〉 = 0}.
It is also convenient to denote
h˜ = h⊕C c =
(⊕
i∈I
C hi
)
⊕C c =
⊕
i∈ Î
C hi.
and identify the space h∗ with the subspace of h˜∗ which consists of the elements γ ∈ h˜∗
satisfying the condition
〈γ, c〉 = 0. (2.1)
The simple roots αi ∈ h
∗, i ∈ I, of g are given by the relations
〈αi, hj〉 = aji, i, j ∈ I,
while for the simple roots αi ∈ ĥ
∗, i ∈ Î, of ĝwe have the definition
〈αi, hj〉 = aji, i, j ∈ Î, 〈α0, d〉 = 1, 〈αi, d〉 = 0, i ∈ I.
We fix the non-degenerate symmetric bilinear form on h by the relations
(hi|hj) = aij d
−1
j ,
and on ĥ by
(hi|hj) = aij d
−1
j , (hi|d) = δi0 d
−1
0 , (d|d) = 0.
Let h¯ be a nonzero complex number such that q = exp h¯ is not a root of unity. For
each i ∈ Î we set
qi = q
di .
The quantum group Uq(ĝ) is a unital associative C-algebra generated by the elements
ei, fi, i ∈ Î, and q
x, x ∈ ĥ, with the relations
q0 = 1, qx1qx2 = qx1+x2 , (2.2)
qxei q
−x = q〈αi, x〉ei, q
x fi q
−x = q−〈αi, x〉 fi, (2.3)
[ei, f j] = δij
qhii − q
−hi
i
qi − q
−1
i
, (2.4)
1−aij
∑
n=0
(−1)ne
(1−aij−n)
i ej e
(n)
i = 0,
1−aij
∑
n=0
(−1)n f
(1−aij−n)
i f j f
(n)
i = 0, (2.5)
where e
(n)
i = e
n
i /[n]qi !, f
(n)
i = f
n
i /[n]qi !. Here and belowwe use the standard notations
for q-numbers
[ν]q =
qν − q−ν
q− q−1
, ν ∈ C, [n]q! =
n
∏
k=1
[k]q, n ∈ Z+,
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n
m
]
q
=
[n]q!
[m]q![n−m]q!
, n,m ∈ Z+,
and assume that for any ν ∈ C
qν = exp(h¯ν).
We will also use the notation
κq = q− q
−1.
The quantum group Uq(ĝ) is a Hopf algebra with the comultiplication ∆, the antipode
S, and the counit ε defined by the relations
∆(qx) = qx ⊗ qx, ∆(ei) = ei ⊗ 1+ q
hi
i ⊗ ei, ∆( fi) = fi ⊗ q
−hi
i + 1⊗ fi, (2.6)
S(qx) = q−x, S(ei) = −q
−hi
i ei, S( fi) = − fi q
hi
i , (2.7)
ε(qx) = 1, ε(ei) = 0, ε( fi) = 0. (2.8)
We define the quantum group Uq(g) as a Hopf subalgebra of Uq(ĝ) generated by ei, fi,
i ∈ I, and qx, x ∈ h.
The quantum group Uq(ĝ) has no nontrivial finite dimensional representations, and
therefore we proceed to the consideration of the corresponding quantum loop algebra.
As the first step we define the quantum group Uq(g˜) as a unital associative C-algebra
generated by the elements ei, fi, i ∈ I, and q
x, x ∈ h˜, with relations (2.2)–(2.5). Then,
the quantum loop algebra Uq(L(g)) is defined as the quotient algebra of Uq(g˜) by the
two-sided Hopf ideal generated by the elements of the form qνc − 1 with ν ∈ C×. It is
convenient to consider the quantum group Uq(L(g)) as a unital associative C-algebra
generated by the same generators as Uq(g˜) with relations (2.2)–(2.5) and additional
relations
qνc = 1, ν ∈ C×. (2.9)
The structure of a Hopf algebra on Uq(L(g)) is again given by relations (2.6)–(2.8).
2.2. Cartan–Weyl generators. Denote by△ and △̂ the root systems of g and ĝ respec-
tively. They are related in the following way [22]
△̂ = {γ+ nδ | γ ∈ △, n ∈ Z} ∪ {nδ | n ∈ Z \ {0}},
where δ = α0 + θ with θ being the highest root of g. The systems △+ and △̂+ of
positive roots of g and ĝ are related as
△̂+ = {γ+ nδ | γ ∈ △+, n ∈ Z+}
∪ {nδ | n ∈ N} ∪ {(δ− γ) + nδ | γ ∈ △+, n ∈ Z+}.
As usually, for the systems △− and △̂− of positive roots of g and ĝ we have △− =
−△+ and △̂− = −△̂+.
The abelian group
Q̂ =
⊕
i∈ Î
Z αi
is called the root lattice of ĝ. We also define
Q̂+ =
⊕
i∈ Î
Z+ αi, Q̂− =
⊕
i∈ Î
Z− αi.
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The algebra Uq(L(g)) can be considered as Q̂-graded if we assume that
ei ∈ Uq(L(g))αi , fi ∈ Uq(L(g))−αi , q
x ∈ Uq(L(g))0
for any i ∈ Î and x ∈ h˜. An element a of Uq(L(g)) is called a root vector corresponding
to a root γ of ĝ if a ∈ Uq(L(g))γ . It is clear that ei and fi are root vectors corresponding
to the roots αi and −αi. One can find linearly independent root vectors corresponding
to all roots of ĥ. These vectors, together with the elements qx, x ∈ h˜, are called Cartan–
Weyl generators of Uq(L(g)). It appears that the ordered monomials constructed from
the Cartan–Weyl generators form a Poincare´–Birkhoff–Witt basis of Uq(L(g)).
We denote the Cartan–Weyl generator corresponding to a root γ ∈ △̂+ by eγ, and
the Cartan–Weyl generator corresponding to a root γ ∈ △̂− by f−γ. We assume that
eαi = ei, fαi = fi.
It is convenient to write eδ−θ and fδ−θ instead of eα0 and fα0 .
To define Cartan–Weyl generators corresponding to the remaining roots we use the
method of Khoroshkin and Tolstoy [23, 24]. For another approach we refer the reader
to the paper [25].
First fix some normal order [26, 27] for △̂+ satisfying the conditions that the roots
nδ are ordered in arbitrary way and that
γ+ nδ ≺ mδ ≺ (δ− γ) + kδ
for any γ ∈ △+ and n,m, k ∈ Z+.
Now introduce the notion of q-commutator [ , ]q. Let α, β ∈ Q̂+, a ∈ Uq(L(g))α and
b ∈ Uq(L(g))β . Define the q-commutator of a and b as
1
[a, b]q = ab− q
−(α|β)ba.
For α, β ∈ Q̂−, a ∈ Uq(L(g))α and b ∈ Uq(L(g))β we assume that
[a, b]q = ab− q
(α|β)ba.
In general, the root vectors corresponding to the roots γ ∈ △̂+ and −γ ∈ △̂− are
defined as follows. Assume that γ = α+ β, α ≺ γ ≺ β, and there are no other roots
α′ ≻ α and β′ ≺ β such that γ = α′ + β′. If the root vectors eα, eβ and fα, fβ are already
defined, then we put
eγ = [eα, eβ]q, fγ = [ fβ, fα]q.
To define the root vectors corresponding to the roots from △ we use the following
iterative procedure. Recall that the height of a root γ = ∑i∈I kiαi ∈ ∆+ is defined as
htγ = ∑
i
ki.
Note that θ is a unique positive root of the highest height. Assume that for some
number m, such that 1 ≤ m < ht θ, the root vectors eγ and fγ for all γ ∈ △+ with
1 ≤ htγ ≤ m are already defined. Let γ ∈ △+ and htγ = m+ 1. It can be shown that
for some i ∈ I the root γ can be represented as
γ = αi + β
1Remind that in comparison with our previous papers we change q to q−1.
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where β ∈ △+ and ht β = m. Fixing such a representation, we define
eγ =
{
[eαi , eβ]q αi ≺ β
[eβ, eαi ]q β ≺ αi
, fγ =
{
[ fβ, fαi ]q αi ≺ β
[ fαi , fβ]q β ≺ αi
.
Now we proceed to the roots δ− γ and −(δ − γ) with γ ∈ △+. We already have
the root vectors eδ−θ and fδ−θ corresponding to the roots δ− θ and −(δ− θ). Assume
that for some number m, such that 1 < m ≤ ht θ, the root vectors eδ−γ and fδ−γ for all
γ ∈ △+ with m ≤ htγ ≤ ht θ are also defined. Let γ ∈ △+ and htγ = m− 1. It can
be shown that for some i ∈ I the root γ can be written as
γ = −αi + β,
where β ∈ △+ and ht β = m. Fixing such a representation we define
eδ−γ = [eαi , eδ−β]q, fδ−γ = [ fδ−β, fαi ]q.
The root vectors corresponding to the roots δ and −δ are additionally indexed by
the positive roots of g2 and are defined by the relations
e′δ,γ = [eγ, eδ−γ]q, f
′
δ, γ = [ fδ−γ, fγ]q. (2.10)
The remaining definitions are
eγ+nδ = [(γ|γ)]
−1
q [e
′
δ,γ, eγ+(n−1)δ]q, fγ+nδ = [(γ|γ)]
−1
q [ fγ+(n−1)δ, f
′
δ, γ]q, (2.11)
e(δ−γ)+nδ = [(γ|γ)]
−1
q [e(δ−γ)+(n−1)δ, e
′
δ,γ]q, (2.12)
f(δ−γ)+nδ = [(γ|γ)]
−1
q [ f
′
δ, γ, f(δ−γ)+(n−1)δ]q, (2.13)
e′nδ,γ = [eγ+(n−1)δ, eδ−γ]q, f
′
nδ,γ = [ fδ−γ, fγ+(n−1)δ]q. (2.14)
In fact, only the root vectors enδ, αi and fnδ, αi , i ∈ I, are independent and needed for the
construction of the Poincare´–Birkhoff–Witt basis.
We will need also another set of root vectors corresponding to the roots nδ and−nδ,
n ∈ N. They are defined by the equations
−κq eδ,γ(u) = log(1− κq e
′
δ,γ(u)), (2.15)
κq fδ,γ(u
−1) = log(1+ κq f
′
δ, γ(u
−1)), (2.16)
where we used the generating functions
e′δ,γ(u) =
∞
∑
k=1
e′nδ,γ u
n, eδ,γ(u) =
∞
∑
n=1
enδ,γ u
n,
f ′δ, γ(u
−1) =
∞
∑
n=1
f ′nδ, γ u
−n, fδ, γ(u
−1) =
∞
∑
n=1
fnδ,γ u
−n
defined as formal power series.
2The same is true for the roots nδ and −nδ, k ∈ N.
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2.3. Second Drinfeld’s realization. The quantum loop algebra Uq(L(g)) has another
realization [28, 29] as the algebra with generators ξ±i, n with i ∈ I and n ∈ Z, q
x with
x ∈ h, and χi, n with i ∈ I and n ∈ Z \ {0}. They satisfy the relations
q0 = 1, qx1qx2 = qx1+x2 ,
[χi, n, χj,m] = 0, q
xχj, n = χj, n q
x,
qxξ±i, nq
−x = q±〈αi, x〉ξ±j, n, [χi, n, ξ
±
j,m] = ±
1
n
[n bij]q ξ
±
j, n+m,
ξ±i, n+1ξ
±
j,m − q
±bij ξ±j,m ξ
±
i, n+1 = q
±bij ξ±i, n ξ
±
j,m+1 − ξ
±
j,m+1ξ
±
i, n,
[ξ+i, n, ξ
−
j,m] = δij
φ+i, n+m− φ
−
i,n+m
qi − q
−1
i
and the Serre relations whose explicit form is not important for us. The quantities φ±i,n,
i ∈ I, n ∈ Z, are determined by the formal power series
∞
∑
n=0
φ±i,±nu
±n = q±hii exp
(
±κq
∞
∑
n=1
χi,±nu
±n
)
(2.17)
and by the conditions
φ+i,n = 0, n < 0, φ
−
i, n = 0, n > 0.
The generators of the second Drinfeld’s realization can be related to the Cartan–
Weyl generators in the following way [24, 30]. The Drinfeld–Jimbo generators qx and
the generators qx of the second Drinfeld’s realizations are the same, except that in the
former case x ∈ h˜ and in the latter case x ∈ h ⊂ h˜. For the generators ξ±i, n and χi, n of
the second Drinfeld’s realization we have
ξ+i, n =
{
(−1)noni eαi+nδ n ≥ 0
(−1)n+1oni q
−hi
i f(δ−αi)−(n+1)δ n < 0
, (2.18)
ξ−i, n =
{
(−1)non+1i e(δ−αi)+(n−1)δ q
hi
i n > 0
(−1)noni fαi−nδ n ≤ 0
, (2.19)
χi, n =
{
(−1)n+1oni enδ, αi n > 0
(−1)n+1oni f−nδ, αi n < 0
, (2.20)
where for each i ∈ I the number oi is either +1 or −1, such that oi = −oj whenever
aij < 0. It follows from (2.15), (2.16), (2.17) and (2.20) that
φ+i, n =
{
(−1)n+1oni κq q
hi
i e
′
nδ, αi
n > 0
qhii n = 0
,
φ−i,n =
{
q−hii n = 0
(−1)noni κq q
−hi
i f
′
−nδ, αi
n < 0
.
Defining the generating functions φ+i (u) and φ
−
i (u) as
φ+i (u) =
∞
∑
n=0
φ+i,nu
n, φ−i (u
−1) =
∞
∑
n=0
φ−i,−nu
−n,
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we also obtain
φ+i (u) = q
hi
i
(
1− κq e
′
δ, αi
(−oiu)
)
, (2.21)
φ−i (u
−1) = q−hii
(
1+ κq f
′
δ, αi
(−oiu
−1)
)
. (2.22)
3. HIGHEST ℓ-WEIGHT REPRESENTATIONS OF QUANTUM LOOP ALGEBRAS
3.1. General information. The terminology used for Uq(L(g))-modules [21] is very
similar to the terminology used for Uq(g)-modules [31, 32]. We adopt it to the defini-
tion of a quantum loop algebra used in the present paper.
A Uq(L(g))-module V is said to be a weight module if
V =
⊕
λ∈h˜∗
Vλ, (3.1)
where
Vλ = {v ∈ V | q
xv = q〈λ, x〉v for any x ∈ h˜}.
The space Vλ is called the weight space of weight λ, and a nonzero element of Vλ is
called a weight vector of weight λ. We say that λ ∈ h∗ is a weight of V if Vλ 6= {0}. It
follows from (2.9) that any weight λ of a Uq(L(g))-module satisfies the relation (2.1),
hence, it can be identified with a unique element of h∗.
We say that a Uq(L(g))-module V is in the category O if
(i) V is a weight module all of whose weight spaces are finite dimensional;
(ii) there exists a finite number of elements µ1, . . . , µs ∈ h
∗ such that every weight
of V belongs to the set
s⋃
i=1
{µ ∈ h∗ | µ ≤ µi},
where ≤ is the usual partial order in h∗.
A Uq(L(g))-module V in the category O is called a highest weight module with highest
weight λ if there exists a weight vector v ∈ V of weight λ such that
eiv = 0
for all i ∈ I, and
V = Uq(L(g))v.
The vector with the above properties is unique up to a scalar factor. We call it the
highest weight vector of V.
By definition, for any Uq(L(g))-module V in the category O we have the decompo-
sition (3.1). We can refine it in the following way. Define an ℓ-weight as a set
Ψ = {Ψ+i, n ∈ C | i ∈ I, n ∈ Z+} ∪ {Ψ
−
i,−n ∈ C | i ∈ I, n ∈ Z+}
such that
Ψ+i, 0Ψ
−
i, 0 = 1. (3.2)
Now we have
Vλ =
⊕
Ψ
VΨ, (3.3)
where VΨ is a subspace of Vλ such that for any v in VΨ there is p ∈ N such that
(φ±i,±n −Ψ
±
i,±n)
pv = 0 (3.4)
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for all i ∈ I and n ∈ Z+. The space VΨ is called the ℓ-weight space of ℓ-weight Ψ. We
say that Ψ is an ℓ-weight of V if VΨ 6= {0}. A nonzero element v ∈ VΨ such that
φ±i,±nv = Ψ
±
i,±nv
for all i ∈ I and n ∈ Z+ is said to be an ℓ-weight vector of ℓ-weight Ψ. Every nontrivial
ℓ-weight space contains an ℓ-weight vector. It is clear that VΨ in the decomposition
(3.3) is nontrivial only if
Ψ±i, 0 = q
±〈λ, hi〉
i .
A Uq(L(g))-module V in the category O is called a highest ℓ-weight modulewith high-
est ℓ-weight Ψ if there exists an ℓ-weight vector v ∈ V of ℓ-weight Ψ such that
ξ+i, nv = 0
for all i ∈ I and n ∈ Z, and
V = Uq(L(g))v.
The vector with the above properties is unique up to a scalar factor. We call it the
highest ℓ-weight vector of V.
Given ℓ-weight Ψ, define two sets of generating functions Ψ+i (u) and Ψ
−
i (u
−1) as
Ψ+i (u) = ∑
n∈Z+
Ψ+i,nu
n, Ψ−i (u
−1) = ∑
n∈Z+
Ψ−i,−nu
−n.
When it is convenient, we will identify Ψ with the set {Ψ+i (u), Ψ
−
i (u
−1)}i∈I . An ℓ-
weight Ψ is called rational if for some non-negative integers pi, i ∈ I, and complex
numbers aik, bik, i ∈ I, 0 ≤ k ≤ pi, one has
Ψ+i (u) =
aipiu
pi + ai, pi−1u
pi−1 + · · ·+ ai0
bipiu
pi + bi, pi−1u
pi−1 + · · ·+ bi0
, (3.5)
Ψ−i (u
−1) =
aipi + ai, pi−1u
−1 + · · ·+ ai0u
−pi
bipi + bi, pi−1u
−1 + · · ·+ bi0u−pi
. (3.6)
Here aipi , ai0, bipi , bi0 must be nonzero and such that
aipi
bipi
ai0
bi0
= 1.
This relation guaranties the validity of equation (3.2).
The remarkable fact is that for any rational ℓ-weight Ψ there is an irreducible high-
est ℓ-weight Uq(L(g))-module L(Ψ) with highest ℓ-weight Ψ which is unique up to an
isomorphism, and any irreducible Uq(L(g))-module in the category O is a highest ℓ-
weight module with a rational highest ℓ-weight. In other words, there is a bijection be-
tween the rational ℓ-weights and the equivalence classes of the irreducible Uq(L(g))-
modules in the category O. Furthermore, all ℓ-weights of a Uq(L(g))-module in the
category O are rational.
For any rational ℓ-weights Ψ and Ψ′ define the rational ℓ-weight ΨΨ′ as the set
{Ψ+i (u)Ψ
′+
i (u), Ψ
−
i (u
−1)Ψ′−i (u
−1)}i∈I . One can show that the submodule of the ten-
sor product L(Ψ) ⊗ L(Ψ′) generated by the tensor product of the highest ℓ-weight
vectors is a highest ℓ-weight module with highest ℓ-weight ΨΨ′. In particular, L(ΨΨ′)
is a subquotient of L(Ψ)⊗ L(Ψ′).
10 H. BOOS, F. GO¨HMANN, A. KLU¨MPER, KH. S. NIROV, AND A. V. RAZUMOV
3.2. Jimbo’s homomorphism. In the present paper we deal with quantum loop alge-
bras associated with Kac–Moody algebras ĝ defined by the generalized Cartan matri-
ces Â = A
(1)
l . The corresponding generalized Cartan matrices of finite type are Al
and the corresponding finite dimensional Kac–Moody algebras are isomorphic to the
Lie algebras sll+1. Thus, we deal with the quantum loop algebras Uq(L(sll+1)). The
usual way to construct highest ℓ-weight representations in the case under considera-
tion is to use the Jimbo’s homomorphism. It can be defined as a homomorphism from
Uq(L(sll+1)) to the quantum group Uq(sll+1), however, it is convenient to define it as
a homomorphism to the quantum group Uq(gll+1). Let us recall the definition of the
quantum groups Uq(sll+1) and Uq(gll+1).
It is common to denote the generators of quantum groups associated with finite
dimensional Kac–Moody algebras by upper case letters. Following this custom, we
say that the quantum group Uq(sll+1) is defined by the generators Ei, Fi, i ∈ I, and
qX, where X belongs to the Cartan subalgebra h of sll+1.
3 These generators satisfy the
defining relations
q0 = 1, qX1qX2 = qX1+X2 , (3.7)
qXEi q
−X = q〈αi ,X〉Ei, q
XFi q
−X = q−〈αi ,X〉Fi , (3.8)
[Ei, Fj] = δij
qHii − q
−Hi
i
qi − q
−1
i
, (3.9)
1−aij
∑
n=0
(−1)nE
(1−aij−n)
i Ej E
(n)
i = 0,
1−aij
∑
n=0
(−1)nF
(1−aij−n)
i Fj F
(n)
i = 0, (3.10)
where E
(n)
i = E
n
i /[n]qi !, F
(n)
i = F
n
i /[n]qi !. Now αi are the simple roots of sll+1 defined
as
〈αi, Hj〉 = aji, (3.11)
where aij are the entries of the Cartan matrix of sll+1. In the case under consideration,
the generalized Cartan matrix is symmetric. Therefore, all integers di are just 1, and
so, qi = q everywhere in (3.7)–(3.10).
The Lie algebra gl+1 can be considered as a trivial central extension of the Lie algebra
sll+1 by a one-dimensional centre CK, so that as the Cartan subalgebra k of gl+1 one
can take the space
k = h⊕CK =
(⊕
i∈I
Hi
)
⊕CK.
It is convenient together with the basis of the Cartan subalgebra of gl+1 formed by the
elements Hi, i ∈ I, and K to use the basis formed by the elements Ki, i = 1, . . . , l + 1,
defined so that
Hi = Ki − Ki+1, i = 1, . . . , l, K =
l+1
∑
i=1
Ki.
It is not difficult to demonstrate that
Ki =
1
l + 1
(
K−
i−1
∑
j=1
j Hj +
l
∑
j=i
(l + 1− j)Hj
)
.
3For consistency we denote the Cartan generators of a finite dimensional Lie algebra by Hi.
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We define the quantum group Uq(gll+1) as a trivial central extension of Uq(sll+1) per-
formed by adding the generators qνK, ν ∈ C×. The defining relations of Uq(gll+1)
have the form (3.7)–(3.10), where X,X1,X2 ∈ k, and the simple roots αi ∈ k
∗, i ∈ I, are
defined by the relations (3.11) supplemented by the equation
〈αi, K〉 = 0.
Let λ be an element of k∗. We identify λwith the set of its components (λ1, . . . , λl+1)
with respect to the dual basis of the basis {Ki}. In fact we have
λi = λ(Ki).
We denote by V˜λ the infinite dimensional highest weight Uq(gll+1)-module with the
highest weight vector v0. By definition, we have
qXv0 = q
〈λ,X〉v0, Eiv0 = 0, i ∈ I. (3.12)
Note that the first equation of (3.12) is equivalent to
qνKiv0 = q
νλiv0, i = 1, . . . , l + 1, ν ∈ C,
where
λi = 〈λ, Ki〉.
Below we identify λ with the ordered set of the numbers λi. It is known that when
λi − λi+1 for all i ∈ I are non-negative integers the module V˜
λ is reducible. Here
the quotient of V˜λ by the unique maximal submodule is finite dimensional. We de-
note this finite dimensional Uq(gll+1)-module by V
λ. The representations of Uq(gll+1)
corresponding to the modules V˜λ and Vλ are denoted by π˜λ and πλ.
As we noted above, to construct representations of Uq(L(sll+1)) we are going to
use the Jimbo’s homomorphism ε : Uq(L(sll+1)) → Uq(gll+1) introduced in the paper
[33]. We will give the explicit form of ε for l = 1, 2 below. If π is a representation of
Uq(gll+1), then π ◦ ε is a representation of Uq(L(sll+1)). In particular, starting with the
representations π˜λ and πλ described above, we define the representations
ϕ˜λ = π˜λ ◦ ε, ϕλ = πλ ◦ ε. (3.13)
Slightly abusing notation, we denote the corresponding Uq(L(sll+1))-modules by V˜
λ
and Vλ. The Uq(L(sll+1))-modules V˜
λ and Vλ are highest ℓ-weight modules in the
category O. Here the highest weight vectors of V˜λ and Vλ considered as Uq(gll+1)-
modules are the highest ℓ-weight vectors of V˜λ and Vλ considered as Uq(L(sll+1))-
modules.
There is an evident automorphism σ of Uq(L(sll+1)) defined by the equation
σ(e0) = e1, σ(e1) = e2, . . . σ(el) = e0, (3.14)
σ( f0) = f1, σ( f1) = f2, . . . σ( fl) = f0, (3.15)
σ(qh0) = qh1 , σ(qh1) = qh2 , . . . σ(qhl ) = qh0 . (3.16)
It is evident that σl+1 is the identity transformation. One can consider the representa-
tions of Uq(L(sll+1)) obtained from the representations ϕ˜
λ and ϕλ defined by (3.13) via
twisting by powers of σ. It is clear that in this way we obtain representations that are
not highest ℓ-weight representations. Moreover, from the point of view of the theory
of quantum integrable systems these representations are not very interesting because
they give practically the same transfer matrices as the initial representations ϕ˜λ and
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ϕλ. However, considering representations of the Borel subalgebras of Uq(L(sll+1))we
use the automorphism σ to obtain new interesting representations, see section 4.
Another evident automorphism τ of Uq(L(sll+1)) is defined as
τ(e0) = e0, τ(ei) = el−i+1, τ( f0) = f0, τ( fi) = fl−i+1, i ∈ I, (3.17)
τ(qh0) = qh0 , τ(qhi) = qhl−i+1 , i ∈ I. (3.18)
It is clear τ2 is the identity transformation. The twisting of the representations ϕ˜λ and
ϕλ by the automorphism τ leads to new useful representations of Uq(L(sll+1)) and its
Borel subalgebras. However, this automorphism is trivial in the case of Uq(L(sl2)).
3.3. Case of g = sl2. In this case the Jimbo’s homomorphism is defined by the rela-
tions4
ε(e0) = F q
K1+K2 , ε(e1) = E, ε( f0) = E q
−K1−K2 , ε( f1) = F,
ε(qνh0) = qν(K2−K1), ε(qνh1 ) = qν(K1−K2).
Via this automorphism anyUq(gl2)-module can be considered as a Uq(L(sl2))-module.
In this section we deal with the highest weight Uq(gl2)-modules V˜
λ defined in the pre-
vious section. Given λ = (λ1, λ2) ∈ k
∗, the vectors
vm = F
mv0,
where m ∈ Z+, form a basis of V˜λ. The action of the generators of Uq(gl2) on the
elements of this basis is described by the formulae
qνK1vm = q
ν(λ1−m)vm, q
νK2vm = q
ν(λ2+m)vm, (3.19)
Evm = [m]q[λ1 − λ2 −m+ 1]qvm−1, Fvm = vm+1. (3.20)
To define Cartan–Weyl generators we use the following normal order of △̂:
α, α+ δ, . . . , α+ kδ, . . . , δ, 2δ, . . . , kδ, . . . , . . . , (δ− α) + kδ, . . . , (δ− α) + δ, δ− α,
see the paper [23]. Defining the generating function
E
′
δ(u) =
∞
∑
n=1
ε(e′nδ)u
n,
we obtain from (2.21) that
ε(φ+(u)) = qK1−K2
(
1− κq E
′
δ(−u)
)
.
Using formulas from [18] or applying the method of the paper [13] to the case of
Uq(L(sl2)), we see that if we denote
N
′
11(u) = 1− uq
2K1 , N′12 = −κqq
−1F qK1+K2,
N
′
21 = −κqE, N
′
22(u) = 1− uq
2K2 ,
N
′′
22(u) = N
′
22(u)− uN
′
21N
′−1
11 (u)N
′
12,
then we obtain
1− κq E
′
δ(u) = N
′−1
11 (−q
2u)N′′22(−q
2u).
4Below in the case of g = sl2 instead of E1, F1 and H1 we write just E, F and H. Similarly, we write
e′nδ and f
′
nδ instead of e
′
nδ, α1
and f ′nδ, α1 etc. We also assume that o1 = 1.
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Hence, as follows from (2.21), we have
ε(φ+(u)) = qK1−K2 N′−111 (q
2u)N′′22(q
2u),
and using (3.19) and (3.20), we come to
φ+(u)vm = q
λ1−λ2−2m
(1− q2λ1+2 u)(1− q2λ2 u)
(1− q2λ1+2−2m u)(1− q2λ1−2m u)
vm. (3.21)
Introducing the generating function
F
′
δ(u
−1) =
∞
∑
n=1
ε( f ′nδ)u
−n,
we obtain from (2.22) the equation
ε(φ−(u−1)) = qK2−K1
(
1+ κq F
′
δ(−u
−1)
)
.
Using again formulas from [18] or applying the method of the paper [13] to the case of
Uq(L(sl2)), we see that if one defines
O
′
11(u
−1) = 1− u−1q−2K1 , O′12 = κqF,
O
′
21 = κqqE q
−K1−K2, O′22(u
−1) = 1− u−1q−2K2 ,
O
′′
22(u
−1) = O′22(u
−1)− u−1O′21O
′−1
11 (u
−1)O′12,
then
1+ κq F
′
δ(u
−1) = O′′22(−q
−2u−1)O′−111 (−q
−2u−1).
Hence, as follows from (2.21), we have
ε(φ−(u−1)) = q−(K1−K2)O′′22(q
−2u−1)O′−111 (q
−2u−1)
Using again (3.19) and (3.20), we see that
φ−(u−1)vm = q
−(λ1−λ2)+2m
(1− q−2λ1−2u−1)(1− q−2λ2u−1)
(1− q−2λ1−2+2mu−1)(1− q−2λ1+2mu−1)
vm. (3.22)
in agreement with (3.5) and (3.6).
3.4. Case of g = sl3. In the case under consideration, to define the Jimbo’s homomor-
phism we denote
E3 = E1E2 − q E2E1, F3 = F2F1 − q
−1F1F2.
Now, the Jimbo’s homomorphism ε is determined by the relations
ε(qνh0 ) = qν(K3−K1), ε(qνh1 ) = qν(K1−K2), ε(qνh2 ) = qν(K2−K3), (3.23)
ε(e0) = F3 q
K1+K3 , ε(e1) = E1, ε(e2) = E2, (3.24)
ε( f0) = E3 q
−K1−K3, ε( f1) = F1, ε( f2) = F2. (3.25)
Describe the structure of the highest weight Uq(gl3)-modules. Let λ = (λ1, λ2, λ3)
be an arbitrary element of the dual space of the standard Cartan subalgebra k of gl3.
The highest weight vector v0 of the module V˜
λ satisfies the relations
qνKiv0 = q
νλiv0, i = 1, 2, 3, Eiv0 = 0, i = 1, 2.
The vectors
vm = F
m1
1 F
m2
3 F
m3
2 v0, (3.26)
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where m1,m2,m3 ∈ Z+ and m = (m1, m2, m3), form a basis of the V˜
λ. Here it is
natural to assume that v0 means v0 = v(0, 0, 0). One can find that the action of the
generators of Uq(gl3) and the elements E3 and F3 on the basis vectors vm is described
by the formulas5
qνK1vm = q
ν(λ1−m1−m2)vm, q
νK2 = qν(λ2+m1−m3)vm, q
νK3vm = q
ν(λ3+m2+m3)vm,
F1vm = vm+ǫ1, F2vm = q
−m1+m2vm+ǫ3 + [m1]qvm−ǫ1+ǫ2, F3vm = q
m1vm+ǫ2,
E1vm = [λ1 − λ2 −m1 −m2 +m3 + 1]q[m1]qvm−ǫ1 − q
−λ1+λ2+m2−m3−2[m2]qvm−ǫ2+ǫ3,
E2vm = [λ2 − λ3 −m3 + 1]q [m3]qvm−ǫ3 + q
λ2−λ3−2m3 [m2]qvm+ǫ1−ǫ2,
E3vm = q
−m1 [λ1 − λ3 −m1−m2 −m3 + 1]q[m2]qvm−ǫ2
− qλ1−λ2−m1−m2+m3+1[λ2 − λ3 −m3 + 1]q[m1]q[m3]qvm−ǫ1−ǫ3,
see, for example, the paper [17]. The basis of a finite dimensional module Vλ is a
certain subset of the basis formed by the vectors vm. Here the action of the generators
is defined again by the above relations supplied with the condition of vanishing of the
vectors which are outside of the basis.
In the present case, to define Cartan–Weyl generators we use the following normal
order of △̂:
α1, α1 + α2, α1 + δ, α1 + α2 + δ, . . . , α1 + kδ, α1 + α2 + kδ, . . . ,
α2, α2 + δ, . . . , α2 + kδ, . . . , δ, 2δ, . . . , kδ, . . . , . . . , (δ− α2) + kδ, . . . , δ− α2,
. . . , (δ− α1) + kδ, (δ− α1 − α2) + kδ, . . . , δ− α1, δ− α1 − α2,
see the paper [8].
Let us find the ℓ-weight vectors of the module V˜λ. Introduce the generating func-
tions
E
′
δ, αi
(u) =
∞
∑
n=1
ε(e′nδ, αi)u
n.
Choosing for definiteness o1 = 1 and o2 = −1, we obtain from (2.21) the equations
ε(φ+1 (u)) = q
K1−K2
(
1− κq E
′
δ,α1
(−u)
)
, (3.27)
ε(φ+2 (u)) = q
K2−K3
(
1− κq E
′
δ,α2
(u)
)
. (3.28)
It follows from the results of the paper [13] that if we define
N
′
11(u) = 1− u q
2K1 , N′12 = −κq q
−1 F1 q
K1+K2, N′13 = −κq q
−1 F3 q
K1+K3, (3.29)
N
′
21 = −κq E1 N
′
22(u) = 1− u q
2K2 , N′23 = −κq q
−1 F2 q
K2+K3, (3.30)
N
′
31 = −κq E3, N
′
32 = −κq E2 N
′
33(u) = 1− u q
2K3 . (3.31)
and
N
′′
22(u) = N
′
22(u)− uN
′
21N
′−1
11 (u)N
′
12, N
′′
23(u) = N
′
23 −N
′
21N
′−1
11 (u)N
′
13, (3.32)
N
′′
32(u) = N
′
32 − uN
′
31N
′−1
11 (u)N
′
12 , N
′′
33(u) = N
′
33(u)− uN
′
31N
′−1
11 (u)N
′
13 , (3.33)
N
′′′
33(u) = N
′′
33(u)− uN
′′
32(u)N
′′−1
22 (u)N
′′
23(u), (3.34)
5For any k1, k2, k3 ∈ Z we use the notation m + k1ǫ1 + k2ǫ2 + k3ǫ3 = (m1 + k1, m2 + k2, m3 + k3).
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we obtain
1− κq E
′
δ, α1
(u) = N′−111 (−q
2u)N′′22(−q
2u),
1− κq E
′
δ, α2
(u) = N′′−122 (q
3u)N′′′33(q
3u).
Comparing these equations with (3.27) and (3.28), we come to the relations
ε(φ+1 (u)) = q
K1−K2N
′−1
11 (q
2u)N′′22(q
2u), (3.35)
ε(φ+2 (u)) = q
K2−K3N
′′−1
22 (q
3u)N′′′33(q
3u). (3.36)
It is not difficult to determine that
N
′′
22(u)vm =
1
(1− q2λ1−2m1−2m2−2u)
×
[
(1− q2λ1−2m2u)(1− q2λ2−2m3−2u)vm
+ κ2q q
2λ2−2m3−3u[m2]q vm+ǫ1−ǫ2+ǫ3
]
, (3.37)
and, therefore, as follows from (3.35) we have
φ+1 (u)vm =
qλ1−λ2−2m1−m2+m3
(1− q2λ1−2m1−2m2+2u)(1− q2λ1−2m1−2m2u)
×
[
(1− q2λ1−2m2+2u)(1− q2λ2−2m3u)vm
+ κ2q q
2λ2−2m3−1u[m2]q vm+ǫ1−ǫ2+ǫ3
]
.
This relation suggests us to look for ℓ-weight vectors in the form
wm =
m2
∑
k=0
Ck,m vm+kǫ1−kǫ2+kǫ3. (3.38)
After some calculations, we see that if we put
Ck,m = (−1)
kκkq q
−(k−1)k/2
[
m2
k
]
q
[ k
∏
i=1
(1− q2λ1−2λ2−2m2+2m3+2i+2)
]−1
(3.39)
for k = 1, . . . ,m2, and C0,m = 1, then we obtain
φ+1 (u)wm = Ψ
+
1,m(u)wm,
where
Ψ+1,m(u) = q
λ1−λ2−2m1−m2+m3
1− q2λ1−2m2+2u
1− q2λ1−2m1−2m2+2u
1− q2λ2−2m3u
1− q2λ1−2m1−2m2u
. (3.40)
It is clear that the vectors wm form a basis of the module V˜
λ and the corresponding
subset of this basis is a basis of the module Vλ.
The calculations for the case of φ+2 (u) are more complicated. We give only a few
intermediate formulas. First note that as follows from (3.37) for the action of N′′−122 (u)
on the basis vectors vm we have the representation
N
′′−1
22 (u)vm =
m2
∑
k=0
Ak,m(u) vm+kǫ1−kǫ2+kǫ3.
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One can verify that
Ak,m(u) = (−1)
kκ2kq q
2kλ2−2km3−k
2−2k [m2]q!
[m2 − k]q !
(1− q2λ1−2m1−2m2−2u)uk
×
[ k
∏
i=0
(1− q2λ1−2m2+2iu)(1− q2λ2−2m3−2i−2u)
]−1
.
Using this relation, we obtain that
φ+2,m(u)vm = q
λ2−λ3+m1−m2−2m3(1− q2λ1−2m1−2m2+1u)
× (1− q2λ1+3u)(1− q2λ2+1u)(1− q2λ3−1u)
×
m2
∑
k=0
(−1)kκ2kq q
2kλ2−2km3−k
2
[k+ 1]q
k
∏
i=1
[m2 − i+ 1]q u
k
×
[ k+1
∏
i=0
(1− q2λ1−2m2+2i+1u)(1− q2λ2−2m3−2i+1u)
]−1
v
m+kǫ1−kǫ2+kǫ3,
and that for the vectors wm defined by equation (3.38), where Ck,m is given by equation
(3.39), we have
φ+2 (u)wm = Ψ
+
2,m(u)wm
with
Ψ+2,m(u) = q
λ2−λ3+m1−m2−2m3
1− q2λ1−2m1−2m2+1u
1− q2λ1−2m2+1u
1− q2λ1+3u
1− q2λ1−2m2+3u
×
1− q2λ2+1u
1− q2λ2−2m3+1u
1− q2λ3−1u
1− q2λ2−2m3−1u
. (3.41)
Now we proceed to the case of φ−1 (u) and φ
−
2 (u). Introducing the generating func-
tions
F
′
δ, αi
(u−1) =
∞
∑
n=1
ε( f ′nδ, αi)u
−n,
we obtain
ε(φ−1 (u
−1)) = q−K1+K2
(
1+ κq F
′
δ,α1
(−u−1)
)
, (3.42)
ε(φ−2 (u
−1)) = q−K2+K3
(
1+ κq F
′
δ,α2
(u−1)
)
. (3.43)
Following the method of the paper [13], we see that if we define
O
′
11(u
−1) = 1− u−1q−2K1 , O′12 = κq F1, O
′
13 = κq F3,
O
′
21 = κq q q
−K2−K1 E1, O
′
22(u
−1) = 1− u−1q−2K2 , O′23 = κq F2,
O
′
31 = κq q q
−K3−K1 E3, O
′
32 = κq q q
−K3−K2 E2, O
′
33(u
−1) = 1− u−1q−2K3
and the quantities with two and three primes by relations (3.32)–(3.34), where N is
changed to O and u to u−1, we come to the relations
1+ κq F
′
δ, α1
(u−1) = O′′22(−q
−2u−1)O′−111 (−q
−2u−1), (3.44)
1+ κq F
′
δ, α2
(u−1) = O′′′33(q
−3u−1)O′′−122 (q
−3u−1). (3.45)
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Comparing these relations with (3.42) and (3.43), we see that
ε(φ−1 (u
−1)) = q−K1+K2 O′′22(q
−2u−1)O′−111 (q
−2u−1), (3.46)
ε(φ−2 (u
−1)) = q−K2+K3 O′′′33(q
−3u−1)O′′−122 (q
−3u−1). (3.47)
Using the equation
O
′′
22(u
−1)vm =
1
(1− q−2λ1+2m1+2m2+2u−1)
×
[
(1− q−2λ1+2m2u−1)(1− q−2λ2+2m3+2u−1)vm
+ κ2q q
−2λ1+2m2−1[m2]q u
−1vm+ǫ1−ǫ2+ǫ3
]
,
we come to the relation
φ−1 (u
−1)vm =
q−λ1+λ2+2m1+m2−m3
(1− q−2λ1+2m1+2m2−2u−1)(1− q−2λ1+2m1+2m2u−1)
×
[
(1− q−2λ1+2m2−2u−1)(1− q−2λ2+2m3u−1)vm
+ κ2q q
−2λ1+2m2−3[m2]q u
−1vm+ǫ1−ǫ2+ǫ3
]
.
Now one can verify that for the vectors wm defined by equation (3.38), where Ck,m is
given by equation (3.39), we have
φ−1 (u
−1)wm = Ψ
−
1,m(u
−1)wm,
with
Ψ−1,m(u
−1)
= q−λ1+λ2+2m1+m2−m3
1− q−2λ1+2m2−2u−1
1− q−2λ1+2m1+2m2−2u−1
1− q−2λ2+2m3u−1
1− q−2λ1+2m1+2m2u−1
. (3.48)
To analyze the case of φ−2 (u
−1) we first determine that
O
′′−1
22 (u
−1)vm =
m2
∑
k=0
Bk,m(u
−1) v
m+kǫ1−kǫ2+kǫ3,
where
Bk,m(u
−1) = (−1)kκ2kq q
−2kλ1+2km2−k
2 [m2]q!
[m2 − k]q !
× (1− q−2λ1+2m1+2m2+2u−1) u−k
×
[ k
∏
i=1
(1− q−2λ1+2m2−2i)u−1)(1− q−2λ2+2m3+2i+2u−1)
]−1
.
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This allows us to obtain the equation
φ−2 (u
−1)vm = q
−λ2+λ3−m1+m2−2m3(1− q−2λ1+2m1+2m2−1u−1)
× (1− q−2λ1−3u−1)(1− q−2λ2−1u−1)(1− q−2λ3+1u−1)
×
m2
∑
k=0
(−1)kκ2kq q
−2kλ1+2km2−k
2−2k[k+ 1]q
k
∏
i=1
[m2 − i+ 1]q u
−k
×
[ k+1
∏
i=0
(1− q−2λ1+2m2−2i−1u−1)(1− q−2λ2+2m3+2i−1u−1)
]−1
× vm+kǫ1−kǫ2+kǫ3 .
which helps us to verify that for the vectors wm defined by equation (3.38), where Ck,m
is given by equation (3.39), we have
φ−2 (u
−1)wm = Ψ
−
2,m(u
−1)wm,
with
Ψ−2,m(u
−1)
= q−λ2+λ3−m1+m2+2m3
1− q−2λ1+2m1+2m2−1u−1
1− q−2λ1+2m2−1u−1
1− q−2λ1−3u−1
1− q−2λ1+2m2−3u−1
×
1− q−2λ2−1u−1
1− q−2λ2+2m3−1u−1
1− q−2λ3+1u−1
1− q−2λ2+2m3+1u−1
. (3.49)
As we noted above there are two evident automorphisms of Uq(gll+1) defined by
(3.14)–(3.16) and (3.17), (3.18). From the point of view of integrable systems it is in-
teresting to consider the twisting of the representations ϕ˜λ and ϕλ by the automor-
phism τ. Define the representations
ϕ˜λ = ϕ˜λ ◦ τ, ϕλ = ϕλ ◦ τ,
and denote the corresponding Uq(L(sll+1))-modules as V˜
λ and Vλ. It follows from
the definitions (2.11)–(2.14) that
τ(enδ, α1) = enδ, α2 , τ(enδ, α2) = enδ, α1 , (3.50)
τ( fnδ, α1) = fnδ, α2 , τ( fnδ, α2) = fnδ, α1 , (3.51)
see also the paper [13]. Now, it is clear that the basis vectors wm of the modules V˜
λ
and Vλ defined by (3.38) are the ℓ-weight vectors of ℓ-weights
Ψm = {Ψ
+
i,m(u),Ψ
−
i,m(u
−1)}i=1,2,
where
Ψ+i,m(u) = Ψ
+
3−i,m(−u), Ψ
−
i,m(u
−1) = Ψ+3−i,m(−u
−1).
Here the functions Ψ+1,m(u), Ψ
+
2,m(u), Ψ
−
1,m(u
−1) and Ψ−2,m(u
−1) are given by (3.40),
(3.41), (3.48) and (3.49) respectively.
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4. HIGHEST ℓ-WEIGHT REPRESENTATIONS OF BOREL SUBALGEBRA
4.1. General information. There are two Borel subalgebras of the quantum loop alge-
bra Uq(L(g)). In fact, these are the subalgebras whose representations are needed for
applications in the theory of integrable systems. In terms of the Drinfeld–Jimbo gener-
ators the Borel subalgebras are defined as follows. The Borel subalgebra Uq(b+) is the
subalgebra generated by ei, i ∈ Î, and q
x, x ∈ h˜, and the Borel subalgebra Uq(b−) is the
subalgebra generated by fi, i ∈ Î, and q
x, x ∈ h˜. It is clear that these are Hopf subalge-
bras of Uq(L(g)). For a general g there is no such a simple description of Uq(b+) and
Uq(b−) in terms of the Drinfeld generators. However, it follows from (2.18)–(2.20) that
the Borel subalgebra Uq(b+) contains the Drinfeld generators ξ
+
i,n, ξ
−
i,m, χi,m with i ∈ I,
n ≥ 0 and m > 0, while the Borel subalgebra Uq(b−) contains the Drinfeld generators
ξ−i,n, ξ
+
i,m, χi,m with i ∈ I, n ≤ 0 andm < 0. The two Borel subalgebras are related by the
quantum Chevalley involution. Therefore, we restrict ourselves by the consideration
of the subalgebra Uq(b
+).
The definitions of the category O, a highest weight Uq(b+)-module and the related no-
tions are the same as for the case of Uq(L(g))-modules. However, now an ℓ-weight Ψ
is defined as a set
Ψ = {Ψ+i, n ∈ C | i ∈ I, n ∈ Z+}
such that Ψ+i, 0 6= 0. For any Uq(b
+)-module in the category O we have the ℓ-weight
decomposition
V =
⊕
Ψ
VΨ,
where VΨ is a subspace of V such that for any v in VΨ there is p ∈ N such that
(φ+i, n −Ψ
+
i, n)
pv = 0
for all i ∈ I and n ∈ Z+. Similarly as in the case of Uq(L(g))-modules, the space
VΨ is called the ℓ-weight space of ℓ-weight Ψ, and we say that Ψ is an ℓ-weight of V if
VΨ 6= {0}. A nonzero element v ∈ VΨ such that
φ+i,nv = Ψ
+
i,nv
for all i ∈ I and n ∈ Z+ is said to be an ℓ-weight vector of ℓ-weight Ψ. As in the case of
Uq(L(g))-modules, every nontrivial ℓ-space contains an ℓ-weight vector.
A Uq(b
+)-module V in the category O is called a highest ℓ-weight modulewith highest
ℓ-weight Ψ if there exists an ℓ-weight vector v ∈ V of ℓ-weight Ψ such that
ξ+i, nv = 0
for all i ∈ I and n ∈ Z+, and
V = Uq(b
+)v.
As in the case of Uq(L(g))-modules, the vector with the above properties is unique up
to a scalar factor. We again call it the highest ℓ-weight vector of V.
For a given ℓ-weight Ψ we define the generating function Ψ+(u) as
Ψ+i (u) = ∑
n∈Z+
Ψ+i, nu
n,
and, when it is convenient, identify Ψ with the set {Ψ+i (u)}i∈I . An ℓ-weight Ψ of a
Uq(b+)-module is called rational if for some non-negative integers pi, qi, i ∈ I, and
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complex numbers air, bis, i ∈ I, 0 ≤ r ≤ pi, 0 ≤ s ≤ qi, one has
Ψ+i (u) =
aipiu
pi + ai, pi−1u
pi−1 + · · ·+ ai0
biqiu
qi + bi, qi−1u
qi−1 + · · ·+ bi0
.
Here the numbers ai0, bi0 must be nonzero.
As in the case of Uq(L(g))-modules, one can show that for any rational ℓ-weight Ψ
there is an irreducible highest ℓ-weight Uq(b+)-module L(Ψ) with highest ℓ-weight
Ψ which is unique up to an isomorphism, and any irreducible Uq(b
+)-module in the
category O is a highest ℓ-weight module with a rational highest ℓ-weight. Here again
all ℓ-weights of a Uq(b+)-module in the category O are rational. For any rational ℓ-
weights Ψ and Ψ′ the submodule of L(Ψ) ⊗ L(Ψ′) generated by the tensor product of
the highest ℓ-weight vectors is a highest ℓ-weight module with highest ℓ-weight ΨΨ′.
In particular, L(ΨΨ′) is a subquotient of L(Ψ)⊗ L(Ψ′).
The prefundamental representations are the highest ℓ-weight representations with high-
est ℓ-weights determined by the relations
Ψ+i (u) = (1, . . . , 1
i−1
, (1− au)±1, 1, . . . , 1
l−i
), i ∈ I, a ∈ C×.
The corresponding Uq(b
+)-modules are denoted by L±i, a. For any ξ ∈ h
∗ the one di-
mensional representation with the highest ℓ-weight defined by the relation
Ψ+i (u) = q
〈ξ, hi〉, i ∈ I
is also included into the class of the prefundamental representations. The correspond-
ing Uq(b+)-module is denoted by Lξ .
For any Uq(b+)-module V and an element ξ ∈ h˜∗ such that 〈ξ, c〉 = 0, we define a
shifted Uq(b+)-module V[ξ] shifting the action of the generators qx. Namely, if ϕ is the
representation of Uq(b+) corresponding to the moduleV and ϕ[ξ] is the representation
corresponding to the module V[ξ], then
ϕ[ξ](ei) = ϕ(ei), i ∈ I, ϕ[ξ](q
x) = q〈ξ, x〉ϕ(qx), x ∈ h˜.
Remind that an element ξ ∈ h˜∗ satisfying the relation 〈ξ, c〉 = 0 can be naturally
identified with an element of h∗. It is clear that the module V[ξ] is isomorphic to
V ⊗ Lξ .
One can show that any Uq(b+)-module in the category O is a subquotient of a tensor
product of prefundamental representations.
4.2. q-oscillators. To obtain a representation of a Borel subalgebra one can simply take
the restriction of a representation of the full quantum loop algebra to this subalgebra.
However, for the theory of integrable systems more representations are needed. Here
one constructs necessary representations first defining a homomorphism of a Borel
subalgebra to the q-oscillator algebra or to the tensor product of several copies of this
algebra. Then one uses the appropriate representations of the q-oscillator algebras and
comes to the desirable representation of the Borel subalgebra. In this section we give
the definition of the q-oscillator algebra and describe its important representations.
Let h¯ be a non-zero complex number and q = exp h¯.6 The q-oscillator algebra Oscq
is a unital associative C-algebra with generators b†, b, qνN , ν ∈ C, and relations
q0 = 1, qν1Nqν2N = q(ν1+ν2)N,
6We again assume that q is not a root of unity.
OSCILLATOR VERSUS PREFUNDAMENTAL REPRESENTATIONS 21
qνNb†q−νN = qνb†, qνNbq−νN = q−νb,
b†b =
qN − q−N
q− q−1
, bb† =
qqN − q−1q−N
q− q−1
.
Two representations of Oscq are interesting for us. First, letW
+ be the free vector space
generated by the set {v0, v1, . . .}. One can show that the relations
qνNvm = q
νmvm, (4.1)
b†vm = vm+1, b vm = [m]qvm−1, (4.2)
where we assume that v−1 = 0, endowW
+ with the structure of an Oscq-module. We
denote the corresponding representation of the algebra Oscq by χ
+. Further, letW− be
the free vector space generated again by the set {v0, v1, . . .}. The relations
qνNvm = q
−ν(m+1)vm, (4.3)
b vm = vm+1, b
†vm = −[m]qvm−1, (4.4)
where we again assume that v−1 = 0, endow the vector space W
− with the structure
of an Oscq-module. We denote the corresponding representation of Oscq by χ
−.
4.3. Case of g = sl2.
4.3.1. Definition of representations. One can show that the mapping ρ : Uq(b+) → Oscq
defined by the relations
ρ(qνh0) = q2νN , ρ(qνh1) = q−2νN ,
ρ(e0) = b
†, ρ(e1) = −κ
−1
q b q
N
is a homomorphism from the Borel subalgebra Uq(b+) to the algebra Oscq. Using this
homomorphism we define two representations of Uq(b
+):
θ1 = χ
− ◦ ρ ◦ σ−1, θ2 = χ
+ ◦ ρ.
Here the representations of Oscq are chosen so to get highest ℓ-weight representations.
Let us find all ℓ-weights for these representations. We give only a few intermediate
formulas.
4.3.2. Representation θ1. The vectors
vm = b
mv0, m ∈ Z+,
form a basis in the representation space. Direct calculations give
θ1(e
′
nδ) = χ
−
(
κ−1q (−1)
n−1q2n([n+ 1]q − q
−1[n]qq
−2N1)q2nN1
)
,
see the papers [9, 14]. It follows from this equation that
1− κq E
′
δ(u) = χ
−
(
(1+ qu)(1+ q3q2N1u)−1(1+ qq2N1u)−1
)
,
where the generating function is defined as7
E
′
δ(u) =
∞
∑
n=1
θ1(enδ)u
n.
7Below we use similar natural relations to define necessary generating functions not writing them
explicitly.
22 H. BOOS, F. GO¨HMANN, A. KLU¨MPER, KH. S. NIROV, AND A. V. RAZUMOV
Now, using (2.21) and (4.3), we obtain
φ+(u) vm = Ψ
+
m, 1(u) vm = q
−2m−2 1− qu
(1− q−2m+1u)(1− q−2m−1u)
vm.
4.3.3. Representation θ2. In this case we use the basis formed by the vectors
vm = (b
†)mv0, m ∈ Z+.
After some simple calculations we obtain
θ2(e
′
δ) = κ
−1
q q, θ2(e
′
nδ) = 0, n > 1,
see the papers [9, 14, 18]. This gives
1− κqE
′
δ(u) = 1+ qu,
and, again taking into account (2.21), we come to the equation
φ+(u) vm = Ψ
+
m, 2(u) vm = (1− qu) vm .
4.4. Case of g = sl3. Consider the algebra Oscq⊗Oscq. As is usual, define
b1 = b⊗ 1, b
†
1 = b
† ⊗ 1, b2 = 1⊗ b, b
†
2 = 1⊗ b
†,
qν1N1+ν2N2 = qν1N ⊗ qν2N
The homomorphism in question fromUq(b+) to Oscq⊗Oscq is defined by the relations
ρ(qνh0) = qν(2N1+N2), ρ(qνh1) = qν(−N1+N2), ρ(qνh2) = qν(−N1−2N2),
ρ(e0) = b
†
1q
N2 , ρ(e1) = −q
−1b1b
†
2q
N1−N2 , ρ(e2) = −κ
−1
q b2q
N2 .
Now we define six representations of Uq(b+):
θ1 = (χ
− ⊗ χ−) ◦ ρ ◦ σ−1, θ1 = (χ
+ ⊗ χ+) ◦ ρ ◦ τ, (4.5)
θ2 = (χ
− ⊗ χ+) ◦ ρ ◦ σ−2, θ2 = (χ
− ⊗ χ+) ◦ ρ ◦ σ−2 ◦ τ, (4.6)
θ3 = (χ
+ ⊗ χ+) ◦ ρ, θ3 = (χ
− ⊗ χ−) ◦ ρ ◦ σ−1 ◦ τ. (4.7)
The representations for q-oscillators are again chosen so to get highest ℓ-weight rep-
resentations. The calculation necessary to find ℓ-weights for these representations are
more complicated. Nevertheless, we again give only a few intermediate formulas,
referring to our previous papers.
4.4.1. Representation θ1. For this case we use the basis of the representation space for-
med by the vectors
vm = b
m1
1 b
m2
2 v0, (4.8)
where m1,m2 ∈ Z+, m = (m1, m2) and v0 = v(0, 0) = v0 ⊗ v0. Direct calculations give
θ1(e
′
nδ, α1
) = (χ− ⊗ χ−)
(
κ−1q (−1)
n−1q3n([n+ 1]q − q
−1[n]qq
−2N1)q2nN1+2nN2
)
,
θ1(e
′
nδ, α2
) = (χ− ⊗ χ−)
(
− κ−1q q
2n([n+ 1]q − q
−1[n]qq
−2N2
− q[n]qq
2N1 + [n− 1]qq
2N1−2N2)q2nN2
)
,
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see the paper [9] for similar calculations.8 Using these relation we come to the follow-
ing expressions for the generating functions E′δ, α1(u) and E
′
δ, α2
(u):
1− κq E
′
δ, α1
(u) = (χ− ⊗ χ−)
(
(1+ q2q2N2u)
× (1+ q4q2N1+2N2u)−1(1+ q2q2N1+2N2u)−1
)
,
1− κq E
′
δ, α2
(u) = (χ− ⊗ χ−)
(
(1− qu)(1− q3q2N1+2N2u)
× (1− q3q2N2u)−1(1− qq2N2u)−1
)
.
Now, using (2.21) and (4.3), we obtain
φ+1 (u)vm = Ψ
+
1,m, 1(u) vm = q
−2m1−m2−3
1− q−2m2u
(1− q−2m1−2m2u)(1− q2m1−2m2−2u)
vm, (4.9)
φ+2 (u)vm = Ψ
+
2,m, 1(u) vm = q
m1−m2
(1− qu)(1− q−2m1−2m2−1u)
(1− q−2m2+1u)(1− q−2m2−1u)
vm. (4.10)
4.4.2. Representation θ2. Here the natural basis in the representation space is formed
by the vectors
vm = b
m1
1 (b
†
2)
m2 v0. (4.11)
Similarly as in the previous case one obtains that
θ2(e
′
1δ, α1
) = (χ− ⊗ χ+)
(
− κ−1q q
2q2N1
)
, θ2(e
′
nδ, α1
) = 0, n > 1,
θ2(e
′
nδ, α2
) = (χ− ⊗ χ+)
(
− κ−1q q
2n([n+ 1]q − q
−1[n]qq
−2N1)q2nN1
)
,
and come to the equations
1− κq E
′
δ, α1
(u) = (χ− ⊗ χ+)
(
1+ q2q2N1u
)
,
1− κq E
′
δ, α2
(u) = (χ− ⊗ χ+)
(
(1− qu)(1− q3q2N1u)−1(1− qq2N1u)−1
)
.
Using (2.22), (4.1) and (4.3), we determine that
φ+1 (u)vm = Ψ
+
1,m, 2(u) vm = q
m1−2m2+1(1− q−2m1u) vm, (4.12)
φ+2 (u)vm = Ψ
+
2,m, 2(u) vm = q
−2m1+m2−2
1− qu
(1− q−2m1+1u)(1− q−2m1−1u)
vm. (4.13)
4.4.3. Representation θ3. In accordance with the definition of the representation θ3 we
introduce the basis in the representation space formed by the vectors
vm = (b
†
1)
m1(b†2)
m2 v0. (4.14)
Here the necessary calculations are very simple and one obtains
θ3(e
′
nδ, α1
) = 0, θ3(e
′
1δ, α2
) = κ−1q q, θ3(e
′
nδ, α1
) = 0, n > 1.
Hence, we see that
1− κq E
′
δ, α1
(u) = 1, 1− κq E
′
δ, α1
(u) = 1− qu,
and, using (2.21) and (4.1), come to the final result
φ+1 (u) vm = Ψ
+
1,m, 3(u) vm = q
−m1+m2 vm, (4.15)
φ+2 (u) vm = Ψ
+
2,m, 3(u) vm = q
−m1−2m2(1− qu) vm . (4.16)
8Note that in the paper [9] another definition of q-operators is used. However, it is not difficult to
adopt the calculations given there to our case.
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4.4.4. Representations θ1, θ2 and θ3. Taking into account relations (3.50) and the defi-
nition (4.5)–(4.7) of the considered representations, we conclude that the correspond-
ing basis vectors vm defined by (4.14), (4.11), or by (4.8) are the ℓ-weight vectors of
ℓ-weights
Ψm, a = {Ψ
+
i,m, a(u)}i=1,2, a = 1, 2, 3,
where
Ψ+i,m, a(u) = Ψ
+
3−i,m, 4−a(−u).
Here the functions Ψ+i,m, a are given by equations (4.15), (4.16), (4.12), (4.13), (4.9) and
(4.10).
5. DISCUSSION
We have obtained the ℓ-weights and the corresponding ℓ-weight vectors for repre-
sentations of quantum loop algebras Uq(L(sll+1)) with l = 1, 2 obtained via Jimbo’s
homomorphism, known also as evaluation representations. It appears that the repre-
sentation space has a basis consisting of ℓ-weight vectors. This means that the number
p in (3.4) is always equal to 1. Then we have found the ℓ-weights and the ℓ-weight vec-
tors for the q-oscillator representations of Borel subalgebras of the same quantum loop
algebras, and again discovered that for all representations the representation space has
a basis consisting of ℓ-weight vectors. We see that some q-oscillator representations
are shifted prefundamental representations, and any prefundamental representation
is presented in a shifted form among the q-oscillator representations.
In applications to the theory of quantum integrable systems one associates with a
representation of a quantum loop algebra or a family of representations parametrized
by the so called spectral parameter. The usual way to do this is as follows. Given ζ ∈ C×,
we define an automorphism Γζ of Uq(L(g)) by its action on the generators as
Γζ(ei) = ζ
siei, Γζ( fi) = ζ
−si fi, Γζ(q
x) = qx,
where si are arbitrary integers. Then, starting from a representation ϕ of Uq(L(sll+1))
we define the family of representations ϕζ in question as
ϕζ = ϕ ◦ Γζ .
In a similar way, one defines for the Borel subalgebras families of representations
parametrized by the spectral parameter.
Let ϕ be a representation of Uq(L(g)) andV be the corresponding Uq(L(g))-module.
We denote by Vζ the Uq(L(g))-module corresponding to the representation ϕζ . If V is
a highest ℓ-weight module with highest ℓ-weight determined by the functions Ψ+i (u)
and Ψ−i (u
−1) then Vζ is a highest ℓ-weight Uq(L(g))-module with highest ℓ-weight
determined by the functions Ψ+i (ζ
su) and Ψ−i (ζ
−su−1), where s = s0 + s1 + · · ·+ sl.
Denote the Uq(b+)-modules corresponding to the representations θ1, θ2 and θ3 de-
fined in (4.5)–(4.7) as W1, W2 and W3, and consider the Uq(b
+)-module (W1)ζ1 ⊗
(W2)ζ2 ⊗ (W3)ζ3 . As follows from results of section 4.4, the tensor product of the high-
est ℓ-weight vectors is an ℓ-weight vector of ℓ-weight determined by the functions
Ψ+1 (u) = q
−2 1− ζ
s
2u
1− q−2ζs1u
, Ψ+2 (u) = q
−2 1− qζ
s
3u
1− q−1ζs2u
.
Consider now the restriction of the representation Vλ to the Borel subalgebra Uq(b
+).
We denote this restriction again by Vλ. Using results of section 3.4, we see that the
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highest ℓ-weight of the Uq(b+)-module (V˜λ)ζ is determined by the functions
Ψ+1 (u) = q
λ1−λ2
1− q2λ2ζsu
1− q2λ1ζsu
, Ψ+2 (u) = q
λ2−λ3
1− q2λ3−1ζsu
1− q2λ2−1ζsu
.
It follows that if
ζ1 = q
2(λ1+1)ζ, ζ2 = q
2λ2ζ, ζ3 = q
2(λ3−1)ζ,
then the submodule of (W1)ζ1 ⊗ (W2)ζ2 ⊗ (W3)ζ3 generated by the tensor product of
the highest ℓ-weight vectors of (W1)ζ1 , (W2)ζ2 and (W3)ζ3 is isomorphic to the shifted
module (V˜λ)ζ [ξ], where ξ is determined by the equations
ξ(h1) = −λ1 + λ2 − 2, ξ(h1) = −λ2 + λ3 − 2.
This result is in the full agreement with that obtained in the paper [17] by explicit
analysis of the tensor product of the modules. The results of such kind are important
for establishing functional relations. We see that they can be obtained by considering
ℓ-weights of the representations.
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